Abstract. We examine the p-adic properties of Zagier's traces Tr(d) of the singular moduli of discriminant −d. In a recent preprint, Edixhoven proved that if p is prime and
Introduction and statement of results
As usual, let j(z) be the modular function for SL 2 (Z) defined by Define ω Q ∈ {1, 2, 3} as
otherwise.
Following Zagier [Z] , we define the trace of the singular moduli of discriminant −d as
Zagier related these traces of singular moduli to the coefficients of a certain weight 3/2 modular form. We let M 
All of the coefficients
We apply Hecke operators (for definitions, see Section 3.1 of [O] ) to the f d and g D and define
Using this notation, Zagier ([Z] , Theorem 5) proved that
This duality between coefficients of modular forms of different weights is central to the result in this paper. Zagier also identified singular moduli with these coefficients by
Suppose that p is an odd prime and that s is a positive integer. When p is inert or ramified in particular quadratic number fields, Ahlgren and Ono [AO] proved many congruences for traces of singular moduli modulo p s . In addition, they gave an elementary argument that Tr(p
Edixhoven [E] extended their observation and proved that if
In another recent preprint, Boylan [B] exactly computes Tr(2 2n d), giving an analogous result when p = 2.
Remark. The aim of Edixhoven's paper is to show that p-adic geometry of modular curves can be used to study p-adic properties of traces of f ∈ Z[j], of which Zagier's trace is one. The congruences we cite are a special case of his more general result.
In this paper we obtain an exact formula for the coefficient 
where
The following corollaries follow immediately.
Corollary 1.2. For an odd prime p and positive integers n and −d, D ≡ 0, 1 (mod 4), if
Remark. These results can easily be extended to Zagier's generalized traces Tr m (d).
Proof of Theorem
To give the proof of Theorem 1.1, we need the following formulas for the action of the Hecke operators, given in Section 6 of [Z] . For an odd prime p, we have
Combining Zagier's formula (1.6) with equation (2.1), we get
Apply equation (2.2) to get (2.3)
These observations alone suffice to prove Theorem 1.1.
Proof of Theorem 1.1. We prove the theorem by induction on n. The n = 1 case is just equation (2.3). For n > 1, assume the theorem holds up to n − 1.
Note that for 1 ≤ k ≤ n − 2, replacing D with p 2k D and d with p
Making a similar replacement in (2.3) with k = n − 1, we get
Using (2.5) n − 2 times and (2.6), we obtain Apply the induction hypothesis to expand the last term; after simplifying, the theorem follows.
